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Zeta and L-functions

There are various zeta and L-functions arising from various mathematical objects.

® Riemann zeta-function
(=Y
® [ -functions of cusp forms, e.g.
L(s,A) = i T(n)n™* (1) =1, 7(2) = -24, 7(3) =252,...
n=1

Here, A(z) = ¢ H(l -¢"M* =Y 1(n)q" with ¢ = €2™% for Im(z) > 0.
n=1 n=1
® Dirichlet L-function L(s, ), Dedekind zeta-function {k (is), Hurwitz zeta-function £ (s, @), etc.
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Limit theorems

Central limit theorem (CLT)

Let X, X5, ... be i.i.d. random variables such that E[X;] = 0 and Var[X;] = 1. Then we have

. Xi+--+X, /b X2\ dx
lim Pla< ——= <b| = exp | — =— ) ==
n—oo ( \/ﬁ ) p p( 2) '_271'

for any real numbers a < b.

Today'’s talk:
We consider that values of zeta and L-functions behave as if they were random variables.
values of zeta and L-functions «— random variables

limit theorems — CLT
M-functions — exp (- %)
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Riemann zeta-function

Let s = o + it € C with o > 1. We define

L(s) = Z ns.
n=1

® One can extend ¢ (s) as a meromorphic function on C.
® For o > 1, we have

()= ] G+p+p®+= J] a-p 7"

p: prime p: prime

® Properties of {(s) are related to the distribution of prime numbers.

Limit theorems for the value-distributions of zeta-functions M. Mine (Sophia Univ.)



Section 1
[e]e] Jele]ele]e)

Limit theorem for (o + it) in t-aspect

Bohr-Jessen’s limit theorem (one-dimensional)

Let o > 1/2. Then there exists a continuous function M, : R — R such that

1 b dx
lim — te [0, T <l it)| < bp = M —
Jim 7 meas {r € [0.7] | a < log|¢(or+i0| < b} = [ o)

for any real numbers a < b.

® Bohr-Jessen (1930,1932) originally stated a two-dimensional limit theorem by considering
log (o +it) € [a,b] Xi[c,d]

with a certain branch of logarithm of £(s).
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® RHS of the limit theorem is represented as

/bMU(x) & =P(a < log|l(o,X)| < b)
a \2r )

by using the following random Euler product £ (o, X).

Random Euler product (1)

For o > 1/2, we define

Lo, x) =T -p7X,)7",
p

where X = {X,}, is a sequence of independent random variables distributed on the unit circle
according to the normalized Haar measure, i.e.

IP’(a/SargXpS,B)='82_—ﬂa, 0<a<p<2n.
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® One can show that M, (x) > Oforallx € Rif 1/2 < o < 1. Hence we obtain the following.

Corollary

Let 1/2 < o < 1. Then we have
lim lmeas {t € [0,T] | |10g|§(0'+it)| —a| < E}
T—oo T ’
ate dx
= My(x) — >0
-/a—e c V27T

foranya €e Rand € > 0.
In other words, there are many real numbers ¢ such that log |£ (o + it)| approximates a € R.

Remark: Bohr—Courant (1914) proved that the set {{ (o +it) | t € R} isdenseinCif1/2 < o < 1.

Limit theorems for the value-distributions of zeta-functions M. Mine (Sophia Univ.)



Section 1

[e]e]e]e]e] lele)

L-functions of cusp forms

Let g be a large prime number.

S>(g) = the space of holomorphic cusp forms for I'y(¢q) of weight 2 with trivial nebentypus
B> (q) = abasis of S>(q) consisting of primitive forms

Let s = o +it € Cwith o > 1. For f € S2(q), we define

L(s.f) =Y Af(n)n”*,
n=1

where f(z) = Y00 A4 (n)yn 2% for Im(z) > 0.

® One can extend L(s, f) as a holomorphic function on C.
® If f € Ba(q), then we have

L(s.f)=0=2p(q)g) ' T =2s (p)p~ + p~>)7".
p#q
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Limit theorem for L(o, f) in level-aspect

Golubeva’s limit theorem

Let o > 1/2. Then there exists a continuous function .Z, : R — R such that

#{f € Ba(q) | a < log L(c, f) < b} = ////(x)—

im Vi

for any real numbers a < b.

® Golubeva (2004) proved this result only for o = 1, but the case o > 1 follows immediately
from the method of Golubeva. To show the case 1/2 < o < 1, we apply the zero-density
estimate due to Kowalski-Michel (1999).

® Cogdell-Michel (2004) also proved a similar limit theorem weighted by w7 := 1/4x(f, f).
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® RHS of the limit theorem is represented as

/b//l(r(x) . =P(a <logL(c,Y) < b)
a V2r

by using the following random Euler product L(o,Y).

Random Euler product (2)

For o > 1/2, we define

L(o,Y) = H(l ~2cos(Y,)p 7 +p20)7",
P

where Y = {Y,,}, is a sequence of independent random variables distributed on [0, 7] according
to the p-adic Plancherel measure, i.e.

5 ez 9.,
{220, L5 0040, Osae<f=m
p

P2

P@s&s@=/

a

M. Mine (Sophia Univ.)

Limit theorems for the value-distributions of zeta-functions



Section 2

00000

Contents

® Main result 1 — discrepancy estimates

Limit theorems for the value-distributions of zeta-functions M. Mine (Sophia Univ.)



Section 2
[e] Jele]e]

Discrepancy estimate in CLT
Let X1, X», ... be i.i.d. random variables such that E[X;] = 0 and Var[X;] = 1.

X1+ +X, ) / X2\ dx
cr: P ) S [ exp(-2) 2 r=[ab]cR
( vn 7 p( )V27r

Berry—Esseen’s theorem

Suppose that 8 = E[| X |*] is finite. Then there exists a constant C > 0 such that

2
P(XH\/;X"EI)_/ICXP(_%)% B

sup —
® (C <7.59 (Esseen, 1942), C > 0.409 (Esseen, 1956), C < 0.474 (Shevtsova, 2013)

IcR

"3
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Discrepancy estimate for £ (o + it)

Leto > 1/2and I = [a, b] C R. Then we define

1 . dx
D,(T;1) = Tmeas {t € [0,T] \ log | (o +it)| e[} —/IM(T(x)T

\ors

Put|Z|=b—-a.For1/2 <o <1ande > 0, the following estimates were proved.

e Matsumoto (1988) D, (T;T) < (II|+ 1)(loglog T)~*F *¢
® Harman—Matsumoto (1994) D, (T;T) < (|I|+ 1)(logT) semr+e
* M. (2019) Do (T;T) < (|I]+1)(logT)"2*¢

The best upper bound known to date has been achieved by Lamzouri—Lester—Radziwitt (2019).
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Discrepancy estimate for £ (o + it)

Discrepancy estimate by Lamzouri—Lester—Radziwitt

Let 1/2 < o < 1. Then we have

sup D, (T;7) <

(logT)~“ for1/2 <o <1,
IcR

(logT)"'(loglogT)?> foro = 1.

Remark:
The above results were originally obtained as upper bounds for

D (T;R) = ‘l meas {t € [0,7T] | log (o +it) € 72} —[/ Mo (x +1iy) @ ,
T R 2

where R = [a, b] X i[c,d] and M, : C — Ry.
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Discrepancy estimate for L(o, f)

Leto > 1/2and I = [a, b] C R. Then we define

%r(q;f)—‘ #{f € Ba(q) | log L(o. f) € T} / M () B

#B1(q) \/_n

Theorem 1 (M., arXiv:2011.07504)

Let 1/2 < o < 1. Then we have

sup 24 (q; 1) <

(logq)~“ forl/2< o <1,
IcR

(log ¢)~'(loglog g logloglogq) foro = 1.
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A basic inequality

Recall that the proof of Berry—Esseen’s theorem was based on the following inequality.

Let P; and P; be two probability measures on (R, 8(R)). Put
Fj(l) = Pj((—OO,[]) and f](u) = Aeixu de(x)

for j = 1,2. Assume that F;(¢) is differentiable. Then we have

AW =@l 48K

u T

4
sup |P1(T) - Py(D)| < = /
JTcR T Jo

for any R > 0, where K = sup,  |F;(1)|.

Limit theorems for the value-distributions of zeta-functions M. Mine (Sophia Univ.)



Section 3
[e]e] Je]ele]

Key propositions
To apply the lemma for the proof of Theorem 1, we consider the characteristic functions

fi(u) =

: ] — ixu dx
#32(q)fEBZ;(q)exp(lulogL(cr,f)) and fz(u)_/Re t//lg(x)\/ﬁ'

Let 1/2 < o < 1. Then there exist a constant A, > 0 such that

1
fiw) = fow) +0 ((logq)z)

holds uniformly for |u| < A, R4 (g), where

Ro(q) = (loggq)” forl1/2 < o <1,
7 (log ¢)(loglog g logloglogg)™' foro = 1.
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Key propositions

Proposition 2

Let 1/2 < o < 1. Then the formula

Ji() =1+0(|ul)

holds uniformly for u € R for each j =1, 2.

The main tools for the proofs of Propositions 1 and 2 are the followings:
® FEichler—Selberg trace formula,
® a zero-density estimate for L(s, f),
® alarge sieve inequality for A s (n).
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Proof of Theorem 1

R —
sup |P1 (_[) —PQ(I)| < f/ M(iu+ 48_KR_1 (31)
IcR T Jo u s

We apply (3.1) for the probability measures defined as

PﬂA):@#{feBz(qH logL(c, f) € A} and Pg(A)z/A,//l(,(x)%.
Mo (1)
Var

Note that K = sup, . < 1. Furthermore, we choose the parameter R as

Ay(logq)” forl1/2 <o <1,

R=A,R =
oRa(q) {A(,(logq)(log]ogqlogloglogq)l foro =1,

where A, and R, (g) are as in Proposition 1.
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Put r = (log ¢) 2. We evaluate the integral in RHS of (3.1) as follows.

r <u < R By Proposition 1, we have

/R i = pwl ! /R@« loglog g

< .
u S Togg? ), w T Togg)?

0 <u <r By Proposition 2, we have

" i) = fo(u)] " 1
‘/0\ 7d“ < ‘A du < W

Therefore, we deduce from (3.1) the desired upper bound

loglog g 1 1
sup Zo(q; 1) = sup |[P1(I) — Pr,(7)| < +
TR rer (logq)> ~ (logq)> " R (q)
1
< .
Ry (q)
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Bounds for L(co, f)

1o
convexity bound L(o,f)=0 (q 2 +E) for0<o <1
Lindelof Hypothesis L(o, f) =0 (q°) forl/2<o0 <1
1 2-20
under GRH  log L(cr, f) = O (%) for1/2 <o <1
loglog g

conjecture  log L(c, f) = O ((log q)l“””(l)) for1/2<o <1

Let 1/2 < o < 1 and 7 € R. Then we define

®, (0 7) = #@#{f € By(q) | log L(c, f) > 7.

Question: How @, (o, 7) behaves when 7 ~ (log ¢)! =7+ (D2
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Distribution of extreme values of L(o, f)

If € R is fixed, then we have

dx
V2r

as g — oo by Golubeva'’s limit theorem. More precisely, we have the following result.

®,(0,7) > P(0,7) = /wﬂa(x)

Theorem 2 (M., in preparation)

For 1/2 < o < 1, there exists a constant ¢(o-) > 0 such that

@, (0, 7) - ((TlOgT)lZf)
(o, 7) (log q)7

holds uniformly in the range 1 < 7 < ¢(c0)(log g)'~“ (loglog ¢)~'.
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Distribution of extreme values of L(o, f)

Furthermore, ® (o, 7) satisfies the following asymptotic formula.
Theorem 3 (M., in preparation)

Letl/2 <o <land N € Zs. Forn =0,...,N — 1, there exist a positive constant A(c") and
polynomials A, (x) of degree at most n with Ag .- (x) = 1 such that

B = e =1 A, o (loglogT) loglog 7 \N
<I>(0',T)—exp(—A(0')T o (log7) (f{nz:;) (log 7)" +0(( log 7 ) )}

holds if 7 > 0 is large enough.

® A(o) and A, »(x) can be explicitly described by using the function

g(u) = log (; /Oﬂ exp(2u cos 6) sin? 6 d@) =log(1;(2u)/u).
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Distribution of extreme values of L(o, f)

Corollary

Let1/2 < o < 1and N € Zs;. Then there exists a constant ¢(o-) > 0 such that

~ L - N2l A, o (loglog T) loglog T\N
®,(0,7) =exp (—A(o-)‘r o (logT) cf{ nz::O (log )" +0(( log ) )})

holds uniformly in the range 1 < 7 < ¢(o)(log ¢)'~7 (loglog g)~!, where A(or) and A, (x) are
as in Theorem 3.

® When N = 1, a similar asymptotic formula for

=il
&)q(G,T)Z( Z wf) Z wy
feBa(q) fe€Ba(q)
logL(o,f)>1

was proved by Lamzouri (2011), where w = 1/4x(f, f).
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Thank you for your kind attention!
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_ = = [\ An,o(loglog) loglog 7\ N
d)q(o'ﬂ')—GXP(_A(O')T 7 (log7) ‘T{HZ() (log )" +0(( log T ) )})

Let g(u) = log(1,(2u)/u) as before, and put

00

00(0')=/0 g(y™7)dy and a1(0)=/0 g(y™7)logydy.

Then the constant A(o) is represented as

o

-0 i
4@ =1-0) (i)
and the polynomials A, (x) are represented as
o 1- l-oa(c
o) =1, Ao = 2= tx —tog [T ay()| + 1L 2D
-0 o ap(o)
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